
 Rankofamatrix

In this section we will deal with both low vectors and

column vectors

If A is an Mxn matrix the rows are n vectors and

the columns are m vectors

Def The columnspace ColA of A is the subspace of
112M spanned by the columns of A

The wwsp WWA of A is the subspace of 112 spanned

by the vows of A

Ex If A to
2

Col A span f 7 f 1122

how A span 1 2,1 0 I 1 a 2 dimensional

subspace of 1123 ie a plane

thm let A and B be mxn matrices

1 If A B byelementary Ww operations then rowA rowB

2 If A B by elementary column operations then ColAcolB



This means for example that we can first put a matrix
in low echelon form in order to move easily find a basis

for WWA

Ex A I o o 3
2 2 8

To find row A we perform now operations

A I i i 8 fool if I 3g2 2 8 O O

I pO O 0

So a basis for rowA is I I 1,3 CO I 1,4

We can't use the same strategy to find co1A since we

performed new operations to get to the RE form However

the RE form tells us which columns of A we need

in order to form a basis

First recall that the tank of A is the of leading ones
in RE form

theory let A be an mxn matrix of rank r Then
dim cola dim row A r so r e m r en



And if R is a row echelon matrix such that

A R

by elementary Ww operations thin

1 The r nonzero rows of R are a basis of towA

2 If the leading Is lie in columns ji ja jr of R
then columns ji jr of A are a basis of co IA

Ex If A f 9
we can now reduce and get

fo 3 3 4 io pb siwsia.n
O l 4

So rank A 2

The nonzero rows 1 0,3 2 0 I 4,3 are a basisfor nowA

The leading ones are in columns one and two so a basis for

col A is cols 1 and 2 of h of RR matrix So

till B
is a basis for Col A



Recall that the image of a matrix A is vectors of

the form AI We showed that

imA span of columnsof A

Thus im A coKA Thus the abovegives us a method

for finding a basis for im A and we know now that

dim im A rank A

Recall that hull A is the vectors I such that AI 8
Weshowed that hull A is spanned by the basicsolutions
of AI D Infact these actually form a basis

So if A is an mxn matrix of rank r there are h r

basis solutions of AI 8 Thus

dim hull AI h r

Ex If A f l z 3

We want to find the dimensions of hull A and im A

and bases for each

First we set up an augmented matrix for AI J



i l H l H
So im A Col A has dim 2 and basis

a

so dim hull A 3 2 1

Solving thesystem X t Zz O x Zz

y t Yz t 0 3 y Izz

setting t 2

fzf.FI tfkl.s If is

a basis for hull A

We now have a bettermethod for finding the dimension
of a subspace

5 4 2b

a spank's FI fiol.fEl
set A f's I Io Then U Col A



I L

t H L
Pl f

columns 1,2 4 of A
form a basis

dim 4 rank A 3

basis for u µg g I
Tomsummmanrife If A is an mxn matrix and R REform

of A

rankCA leading Is m it
qµr

Colla span of cols of A subspace of 112

dim co 1 Al rank A

To find a basis columns of A corresponding
to leading ones in R

im A vectors in 112 of form AI



im Col A

row A span of vows of A subspace of Rh

dim row A wank A

basis hoh few rows of R

null A solutions to A 5 8 subspace of 112

dim hull A n tank A

of nonleading variables in R

basis basic solutions of AI 8
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